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Abstract: We investigate the structure of smooth and horizonless microstate geometries 
in six dimensions, in the spirit of the five-dimensional analysis of Gibbons and Warner 
[arXiv:1305.0957]. In six dimensions, which is the natural setting for horizonless geometries 
with the charges of the D1-D5-P black hole, the natural black objects are strings and there 
are no Chern-Simons terms for the tensor gauge fields. However, we still find that the 
same reasoning applies: in absence of horizons, there can be no smooth stationary solutions 
without non-trivial topology. We use topological arguments to describe the Smarr formula 
in various examples: the uplift of the five-dimensional minimal supergravity microstates to 
six dimensions, the two-charge D1-D5 microstates, and the non-extremal JMaRT solution. 
We also discuss D1-D5-P superstrata and confirm that the Smarr formula gives the same 
result as for the D1-D5 supertubes which are topologically equivalent. 


Keywords: Black Holes in String Theory, Black Holes 



Contents 


1 Introduction 1 

2 Smarr Formula in Six Dimensions 4 

2.1 Komar integrals 4 

2.2 ADM integrals 4 

2.3 Normalization of the Komar integrals 5 

2.4 Six-dimensional supergravity 6 

3 Supersymmetric Examples 9 

3.1 General expectations 10 

3.2 The uplift of five-dimensional microstate geometries 10 

3.3 D1-D5 microstate geometries and supertubes 13 

3.4 D1-D5-P superstrata 15 

4 Non-Extremal Example 17 

4.1 Metric and gauge helds 17 

4.2 Constraints for smooth solutions 19 

4.3 Komar integral 19 

5 Discussion and Outlook 21 

A Uplift of Five-Dimensional Multi-Center Solutions 22 

A.l General reduction 22 

A.2 Uplifting SUSY solutions 23 

B Rigid Reduction of IIB and SO(l,2) Truncation 24 


Contents 
1 Introduction 

The fuzzball programme argues that extended objects of string theory alter the horizon of 
black holes quite drastically.^ Classical solutions to the supergravity equations of motion 
have played a significant role in shaping fuzzball discussions. These ‘microstate geometries’ 
are smooth, globally hyperbolic, and solitonic stationary solutions that carry the same 
charges as a black hole and are argued to correspond to the gravitational interpretation of 
certain black hole microstates. 

^For reviews, see [1-6]. Related arguments instigated the recent firewall discussion [7-9]. 
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The very existence of such smooth solitonic solutions was a bit puzzling. Based on 
Smarr formulas, many no-go theorems have been proven in the past for regular, stationary 
solutions in four dimensions, also in supergravity [10]. They can be summarized through 
the slogan: no solitons without horizons. However, based on explicit construction, it has 
become clear that there are many supersymmetric horizonless smooth geometries with 
charges supported by topological fluxes. Also, families of near-supersymmetric microstate 
geometries are supported by fluxes on non-trivial two-cycles [11, 12]. 

The seemingly paradoxical existence of these horizonless microstate geometries was 
further clarified by Gibbons and Warner in [13]. They revisited the Smarr formula in detail 
for five-dimensional asymptotically flat supergravity solutions and explained the mechanism 
that supports mass in a stationary, horizonless soliton. Besides receiving contributions from 
horizons, the Komar mass is also affected by previously neglected terms arising from spatial 
sections with non-trivial second cohomology. This is possible due to the existence of Chern- 
Simons terms in the action and cohomologically supported fluxes. The key slogan must be 
modified to no solitons without horizons or topology and fluxes, which then holds regardless 
of supersymmetry and is in particular also valid for stationary solutions carrying the charges 
of a black hole with non-zero Hawking temperature. This has been further corroborated 
by the similar M-theory analysis of [14] and its compactification to five dimensions. 

In this paper we want to discuss the topological Smarr formula in the six-dimensional 
arena appropriate to current microstate geometry research for the three-charge black hole. 
In addition, we want to explore non-extremal solutions, which have not been discussed 
before from the viewpoint of considering their topological contributions to the mass.^ 

The three charge black hole has five non-compact dimensions. It can, for instance, be 
obtained in HB string theory on x with D1-D5-P charges on the internal directions. 
The string theory microstates dual to this black are given in the D1-D5 orbifold CFT. The 
discussion of the Smarr formula of [13] concentrated on the five-dimensional microstate 
geometries, which fit in five-dimensional M = 1 supergravity with three vector fields in 
U{1)^, after dimensional reduction on T‘^ x . However, the geometric interpretation of 
the D1-D5-P microstates can in principle excite the full ten-dimensional spacetime and 
does not have to allow a five-dimensional truncation. Indeed, the microstate geometries 
for the two-charge D1-D5 black hole, or ‘supertubes’, depend on functions of one variable, 
the coordinate along the . These functions describe a profile in the 8 spatial components 
orthogonal to (four non-compact dimensions [16-18] and four torus directions [19]) and 
all HB supergravity fields are excited. 

A similar story is expected to hold for the microstates of the three-charge D1-D5-P 
black hole. As argued in [20], the generic microstate geometries in the D1-D5-P frame 
are expected to be described by so-called superstrata. These should be obtained from 
adding momentum modes on two-charge D1-D5 supertubes and depend on functions of two 
variables. Their solution space might even give a leading contribution to the Bekenstein- 
Hawking entropy of the black hole [21]. Arbitrary superstrata excitations are most likely 
computationally beyond our reach and therefore the search for solutions has been focused 

^With the exception of the BPS-bound violating solution of [15] discussed in [13]. 
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on keeping the rigid. The rigourous treatment of [22] shows that any solution sharing 
the supersymmetries of the D1-D5-P brane system in IIB then fits in six-dimensional 
M = (1,0) supergravity with two tensor multiplets, confirming earlier results of [19, 23- 
25]^. This may be somewhat surprising, since the D1-D5-P black hole and many of its 
microstate geometries only excite one tensor multiplet. Nonetheless, this extra tensor 
multiplet helps to smoothen singularities in supergravity solutions [29, 30] and was in fact 
a key ingredient for the first successful construction of a superstratum [31]. 

We extend the hve-dimensional results of [13] to the framework relevant for the more 
abundant conjectured six-dimensional solutions. The Komar integral that gives the con¬ 
served charge for a Killing vector again has a contribution for non-trivial topology, depend¬ 
ing on the third cohomology of space. There are several new features in our discussion: 

• New asymptotics: The natural black object in our discussion is the six-dimensional 
D1-D5-P black string, where the string wraps the compact (compactification along 

gives the three-charge black hole). Hence we do not consider asymptotically flat 
spacetimes, but rather focus on x 5^ asymptotics. This also implies a 
different relation between the Komar integral and Smarr formula. For an extended 
object such as the black string, we cannot just relate the appropriate Komar integrals 
to the ADM mass, but rather to combinations of both the integrated energy density 
and tension of the string [32-34]. 

• For supersymmetric solutions: In six dimensions these always have a null Killing 
vector [35] but not necessarily a timelike one as in five dimensions. The Komar 
integral for a null Killing vector does not give the ADM mass, but rather a ‘null 
charge’. We discuss the interpretation of this charge and its relation to the mass. 
As examples, we discuss the uplift of the 5D microstate geometries of [13], D1-D5 
two-charge geometries, and D1-D5-P superstrata. We hnd that the Komar integral 
for the null charge is independent of the momentum charge P. This is natural as 
D1-D5-P superstrata and D1-D5 supertubes share the same topology: both describe 
“wiggles” of a topological three-sphere. 

• For non-supersymmetric solutions: We explore the JMaRT solutions [36] which have 
a timelike Killing vector. The Komar integral gives the ADM mass. The JMaRT 
solitons are only smooth in six dimensions (not in five or four). As in the D1-D5 
solutions, the flux through a non-contractible supports the charges. 

The rest of this paper is organized as follows. In section 2 we discuss the Komar 
integrals and the Smarr formula. We revisit brane-like solutions with compact dimen¬ 
sions and their energy densities and tensions. We normalize the Komar integral in terms 
of these physical quantities and highlight the difference between using timelike and null 
Killing vectors. Then we discuss the Komar integral in six-dimensional supergravity. We 
illustrate the general formula with supersymmetric examples in section 3, and the non- 
supersymmetric JMaRT solutions [36] in section 4. The supersymmetric examples include 

®The earliest three-charge geometries were six-dimensional by construction [26-28], but lacked the intri¬ 
cacy of superstrata that has the potential of a solution space with large entropic contribution. 
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the uplift of the five-dimensional multi-center solutions discussed in [13] and the D1-D5 
Lunin-Mathur geometries [16-18]; we also comment on D1-D5-P superstrata. We end with 
a discussion in section 5. Appendix A contains the details of the uplift to six dimensions 
of five-dimensional multi-center solutions and in Appendix B we give the details of the 
truncation of IIB supergravity to six-dimensional supergravity with two tensor multiplets. 

2 Smarr Formula in Six Dimensions 

We discuss Komar integrals, the relation to the energy and tension of a solution, a 
Smarr formula for smooth horizonless solutions using topology and their application to 
six-dimensional supergravity with tensor multiplets.. 

2.1 Komar integrals 

Any Killing vector A of a metric on a H-dimensional Lorentzian spacetime defines a con¬ 
served quantity through a Komar integral: 

where we integrate over a closed spatial surface at infinity. Killing vectors enjoy the prop¬ 
erty = —R^yK'^. With the help of Stokes’ theorem, we can then rewrite this as a 

bulk integral over a volume K on a spatial hypersurface with boundary dVoo U dV\at. 

Qk = --^ [ *{K>^R^.udxn-^^ [ dS^^'^{d^K,-d^K,). (2.2) 

4vrGD Jv sttGd JdVint 

For a spacetime with a timelike Killing vector A, one usually relates the Komar integral to 
the ADM mass. However, this is only valid for an energy-momentum tensor that asymp¬ 
totically approaches that of a weak static dust source, with Too Toi,Tij and dogij = 0 
asymptotically. For a string-like object spanning the y direction, we expect that Too and 
Tyy will be of the same order, so we need to slightly modify the story. 

2.2 ADM integrals 

We now review the relevant results of [34]. To relate the Komar integral to physical 
quantities such as the ADM energy, we consider an energy-momentum tensor that has 
asymptotically p + 1 dominating diagonal components Too, Taa, a = 1.. .p and p < D — 3. 
We assume all other components of the energy-momentum tensor are subleading compared 
to these. We take the p coordinates to be compact and consider the linearization around 
a flat metric, + h^i, with Minkowski reference metric 

P n 

ds\, = —dt^ + ^ dy°‘dy°‘ + ^ dx^dx^ , n = D — p — 1. (2.3) 

a=l i=l 

We write the Einstein equations as 

R^lv - ^Rg/iu = . (2.4) 
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The energy density £, average tension T and angular momentum density J are 


£ = j rx{Too), ( 2 . 5 ) 

f ( 2 . 6 ) 

Jij = j (PxixiiTjo) - Xj{Tio)) . ( 2 . 7 ) 

with the average over the compact space {X) = 1/lp f dPyX. From the linearized Einstein 

equations, one can then deduce the relations to the linearized metric components [34]: 

£ = - \ ^ [ dSidi{{n - l)/ioo - haa) , (2.8) 

167rGD(n-2) Jqv^ 

7 ~ = - \ ^ / dSidi{phQQ- {n + p-2)haa) ■ ( 2 . 9 ) 

pl67rGD(n-2) Jgy^ 


These are the formulae that relate the asymptotic expansion of an extended object (where 
Taa is not negligible compared to Tqo) to its mass and tension. After dimensional reduction 
over the p internal directions, the ADM mass va. D — p dimensions is given by £. The 
angular momentum density can still be read off from the off-diagonal metric components: 


5oi — 


Wt^Gd xU^^ 
£tD-2 ^ 


+ 


( 2 . 10 ) 


where £Id -2 is the volume of the unit {D — 2)-sphere and p the radius in the four spatial 
dimensions. 


2.3 Normalization of the Komar integrals 

We now discuss the relation of the Komar integral to the energy density and tension. 

Timelike Killing vector. One readily shows that for a timelike Killing vector K that 
asymptotes to K^o = <9* , we have the normalization 

For p = 0, we retrieve the usual relations between the ADM mass M = £ and the asymp¬ 
totic form of the metric components [13, 37] 

1()7tGd M 

900 = -1 + -, 

[D - 2) ilD-2 P ^ 

, IGvrGp M ^ , 

\ ^ {D- 2) {D - 3) £10-2 P^-^ J 


( 2 . 12 ) 

(2.13) 
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Null Killing vector. Most of this paper is concerned with supersymmetric solutions in 
six dimensions. For these, it is useful to discuss p = 1 and consider null coordinates: 



(2.14) 


For a null Killing vector K that asymptotically becomes K^a = du, one finds: 


1 {n + p — 1) 
SttGd {n — 2) 


I 


dV^ 




(2.15) 


Note that these results, as in [34], are in principle only valid for time-independent metric 
perturbations. Metrics with a null Killing vector du do not in general have to be time- 
independent. However, the time-dependence of the metric is heavily constrained. Since we 
average (integrate) over the internal, compact direction y, the resulting averaged metric 
must be time-independent and the results for the Komar integrals remain valid. 

The normalization of the Komar integral (2.1), which we use in a 6D supergravity 
context for strings {p = 1), implies that: 


Qk = -1{£ + T). 


(2.16) 


2.4 Six-dimensional supergravity 

Here we discuss the six-dimensional setup relevant for the three-charge black hole. First 
we consider an arbitrary number ut of tensor multiplets; for superstrata in six dimensions, 
riT = 2. We also explicitly give the formulas for ut = 1, which is relevant for all of the 
examples we discuss except the superstrata of section 3.4. 

2.4.1 Minimal supergravity with ut tensor multiplets 

The six-dimensional supergravity theories of relevance to this work have an SO{n,m) 
global symmetry, with n the number of tensors in the gravity multiplet. In the D1-D5-P 
frame, the relevant six-dimensional theories are obtained by a compactification on or 
K3, which respectively give J\f = (2, 2)-supergravity with SO{5,5) global symmetry and 
J\f = (2, 0)-supergravity with an 50(5, 21) symmetry group. 

Luckily, we do not need the full details of these extended supergravity theories. Rather, 
we can consider a consistent truncation to ‘minimal’ six-dimensional supergravity with only 
Af = (1,0) supersymmetry. This theory has 50(1, nr) global symmetry where ut is the 
number of tensor multiplets and is in principle arbitrary as it is unfixed by supersymme¬ 
try. For our purposes, ut will be either 1 or 2, see appendix B for more details on the 
reduction from lOD. Even though we focus on the theory with 50(1, ut) global symmetry, 
our results and in particular the Komar integrals (2.24) and (2.25) below are straightfor¬ 
wardly extended to the bosonic sector of six-dimensional supergravity theories with more 
supersymmetry, by formally replacing the 50(1, ny) metric r]rs with the metric of the 
appropriate global symmetry group. 
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When tt-t > 1, the equations of motion of the tensor fields do not follow from an action. 
We can still consider the ‘pseudo-action’ [38, 39] for the bosonic fields^ 

C=\r- \d,Vrd^V^ - (2.17) 

that captures the equations of motion of the scalar fields and the metric. The scalars 
parametrize the coset SO{l,nT)/SO{nT)- They can be organized in the 50(1, nr)-matrix 
(vr\ 

^ [ Ml with M = 1... riT and r = 0 ... They enter the tensor dynamics through 

\Xr J 

the scalar metric Ai = riV'^Vr], with rj the 50(1, n'r)-nietric, or in index notation 

Mrs = VrVs + . (2-18) 

The dynamics of the ut + 1 tensor fields are captured by the self-duality conditions 
and Bianchi identities 

MrsG^ = 7]rs * G^, dO’’= 0, (2.19) 

where * is the six-dimensional Hodge star operator. Finally, the Einstein equations are: 

= 2d^v^d^Vr + . (2.20) 

2.4.2 Smarr Formula 

We are concerned with field configurations that respect the symmetry of a Killing vector 
K. This means the Lie derivative of the fields with respect to K vanishes: 

GK9^lu = 0, Ckv^ = 0, CkG^ = 0. (2-21) 

Since dG^ and Ck = d ix + ix d, we can write the three-form and its dual as 

ixG'" = dM + , (2.22) 

for some globally dehned one-forms A'’ and closed but not exact two-forms . The Einstein 

equations (2.20) become 

K^^R^, = {MrsM^GT) + ^ (MrsffpaGtn • (2.23) 

Then the Komar integral (2.2) is: 

= MrsH^^GlP^dV^ {MrsKG^MS^'^ + {d,K, - d^K,)) . 

(2.24) 

As in [13], we find that we can support matter (non-zero Komar integrals) with horizons 
or with topology. For trivial topology, = 0 and the Smarr formula (2.24) relates the 

^To avoid confusion with standard notation H for harmonic forms, we do not follow the notation of 
[38, 39] for the three-forms and the kinetic matrix. To convert, use and Mrs = (Grs)theirs- 

®It is customary to write the SO(l,nT) conditions VrjV^ = V^rjV = rj in component notation as 

r -1 T M M M 

VrV =l,VXr =0,VrVs—XrXs =r]rs‘ 
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Komar integral to horizon quantities (area, charges and angular momenta). If also no 
horizons are present, the right-hand side of (2.24) is zero and we get a vanishing Komar 
integral for the Killing vector K. 

We are interested in spacetimes without inner boundaries. With (2.19), we hnd 

Qk = - [ rjrsH^ A G* , (2.25) 

47rG6 Jv 

so that only non-trivial topology can allow for non-zero Komar integrals. 

2.4.3 One tensor multiplet 

For many of the solutions in this paper we can restrict to S'0(1,1) supergravity with ny = 1. 
Including only one extra tensor multiplet in addition to the minimal supergravity multiplet 
is convenient as it allows for a Lagrangian description of the theory. The single self-dual 
three-form G"*" of the gravity multiplet can be combined with the single anti self-dual three- 
form G~ of the tensor multiplet in one unconstrained three-form G = \{G~^ -|- G~). The 
action becomes 

^^ = \r- (2.26) 

We introduce the dual three-form (equivalent to (2.19)): 

G = * G. (2.27) 

To compare to the discussion of section 2.4.1, we can choose G° = G, G^ = G. The 50(1,1) 
metric is then rj = ai, and one can choose the 50(1,1) scalar matrix as K = exp(-v/2W(T3), 
where at are the Pauli matrices. 

The Einstein equation can be (re)written as: 

Rp, = 2dpXd,X + ^ (e^'^^GpabGJ^’’ + e-^'^^GpabGJ^^) • (2.28) 

The Komar integral (2.25) is then 

with the harmonic forms H, H dehned through 

iKG = dA + H, iKG = dA + H (2.30) 

for some global one-forms A. 

2.4.4 Supersymmetry 

Let us also mention the fermionic content of the 50(1,1) theory. The gravity multiplet 
consists of {ep,'ijjp, B'^^) with a self-dual tensor such that G~^ = dB~^ = -kG~^. The 
tensor multiplet consists of {B~jy,x^,X) with G~ = dB~ = —-k G~. The supersymmetry 
transformations of the fermions are: 

6rp = {dp - , (2-31) 

+ ^e^^^G-,pX^^P)eX (2.32) 
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Given a Killing spinor e“ we can construct the bilinear vector: 


= 6-7/.^^ (2.33) 

which is always a null Killing vector, K ■ K = 0. The supersymmetry equations imply 
(using the form notation K = K^g^ydx’^)'. 

dK = 2e^^iKG+ = ixie^^G + e-^^G) , (2.34) 

iKdX = 0, (2.35) 

since the self-dual part of G is given by G+ = l/2(G-|-e“^'^^G'). Using ix^G = -k{GAK), 

this allows us to write the null charge associated with K as 

2^ = ^/ = (g + g)aK, (2.36) 

oTrGe JdVoo svrGe Jov^ ^ 2 

where we have assumed that X = 0 at inhnity, which we can always do for asymptotically 
flat spacetimes. In the microstate geometries of section 3, we find that dV^o = x and 
the Killing vector K projected on this spacelike surface is (proportional to) the isometry 
along the compact S^. In the notation of the metric (3.1) below, K = —dv at spatial 
infinity. This means we simply get: 


where = 2'kR^ is the size of the direction parametrized by v (at constant time). This 
relation is thus simply the BPS condition in 6D relating the null charge associated to K 
to the electric and magnetic charges of the solution. 

3 Supersymmetric Examples 

We now analyze in detail the null Komar integral for known smooth supersymmetric so¬ 
lutions to six-dimensional supergravity. The structure of supersymmetric solutions in 6D 
minimal supergravity was studied in [35] and including an additional vector multiplet and 
one tensor multiplet in [40]. Using the Killing spinors of such supersymmetric solutions, 
one can always construct a null Killing vector which locally is U = du- The metric can 
then be shown to take the form: 

dsg = —2H~^{dv + f^idx^)[du + uiidx'' -|- ^{dv -t- Adx*)] -|- Hdx^, (3.1) 

where dx^ is the line element on the 4D “base space” B, the one-forms /3 = fiidx'‘, oj = ujidx'' 
only have legs on B and the functions H, I3i,uii, J- are in general functions of v and all of the 
4D base coordinates x*. The conditions that these functions (and the three-form and scalar) 
must satisfy for supersymmetric solutions can be found in [40], or [41] whose conventions 
and notation we follow. Note that the ansatz (3.1) only holds for sections 3. 1-3.3, in section 
3.4 we extend the ansatz for two tensor multiplets. 


- 9 - 






3.1 General expectations 


It is instructive to first work out the ADM integrals £ and T for the three-charge solutions 
of our interest. Asymptotically, the metric (3.1) approaches that of the three-charge black 
string for which H = (^ 2 ^ 3 )“^/^, = —Zi,uj = 0,/3 = 0 and Zi = 1 + Qi !with p the 

standard radial coordinate of the 4D base .6 = The asymptotic metric perturbation in 
the coordinates t,y (2.14) is 


1 Q2 + Qs + Qi , 3^ 

hoo = - 2 - + 

2 p^ 


, _ 1 —Q2 ~ Q3 + Q 

' yy ~ 2 ^ 


- + 0{p^). 


(3.2) 


and we find that 


£ = 


AttGq 


Q2 + Qs + 2^1 


T = 


dTrGg 


Q2 + Q3 — -jQi 


(3.3) 


with y ~ y + Ly. Note that £ is the ADM mass after dimensional reduction over the 
y-circle.® Using (2.16), we anticipate that the Komar integral will be: 


1 ttT 

QK = -^i£ + T) = -^^{Q2 + Q3), (3.4) 

and does not involve the momentum charge Qi. 


3.2 The uplift of five-dimensional microstate geometries 

As a warm-up, we consider the uplift of hve-dimensional microstate geometries. Komar 
integrals and Smarr formulae for those geometries were discussed at length in [13], hence 
we do not go into much detail here. The solutions are completely smooth multi-centered 
solutions of the 5D STU model with three gauge helds (/ = {1,2,3}) and three scalars 
, constrained by = 1. The 5D Lagrangian is given by (A.11). The 6 D theory of 

minimal supergravity coupled to one tensor multiplet (2.26) gives exactly this STU model 
when dimensionally reduced to 5D. See appendix A for more details. 

The 5D solutions that we are interested in are given by the metric [42-44]: 

dsl = -Z-‘^{dt + kf + Zdsl, Z = {ZiZ 2 Z 3 )^^^. (3.5) 

where the 4D base space B is Gibbons-Hawking: it is a 17(1) fibration with coordinate 
'll! over flat M^. The solutions are then determined by specifying the poles of eight 
functions V,K^,Lj,M, which are harmonic functions on M^. For instance, we have 
Zj = Lj + CjjkK'^ /2V with Cjjk = \^ijk\- These eight harmonic functions must 
satisfy stringent conditions in order for the full 5D spacetime to be completely regular and 
asymptotically flat [1, 13]. 

The gauge potentials in 5D are: 

= -ZY\dt + k) + B^, (3.6) 

®Note that the dimensional reduction in section 3.2 and appendix A.2 is a reduction over the spacelike 
n-circle, which will give a different resulting 5D ADM mass in terms of Qi, see eq. (3.10). 
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where is a magnetic potential (only well-defined locally). The scalars are given by: 


X' = T, (3,7) 

For asymptotically flat 5D spacetimes, we have asymptotically: 

Qi Qi 

1 + ^ = 1 + ^, 3 

4r 

with r the usual radial coordinate on and p = 4r is the radial coordinate on the 
four-dimensional base. In microstate geometry literature, the charges Qj are normalized 
through the asymptotic expansion of the electric field in 5D as Fqp ~ 2% and not with 
factors involving the volume of the three sphere that are more common from Gaussian 
integrals. This means that we have: 


1 

IGttGs 



4G5 


Qi ■ 


(3.9) 


For the six-dimensional metric, scalar and tensor solutions see eqs. (A.20). 


3.2.1 The topology of the base 

The poles of V (‘centers’) indicate where the ip-Hhie degenerates in the 4D base space 
(although the complete 5D spacetime is always completely smooth). Since the '0-fibre 
degenerates at each center, we can construct non-contractible compact two-cycles in the 
4D space, which are also compact two-cycles in the full 5D geometry. These two-cycles are 
constructed by taking the V’-dbration over an arbitrary path in between two centers. 
This completely determines the 5D homology structure of simply connected solutions. For 
N = 2p-|- 1 centers, the global topology is that of a p-fold connected sum of (5^ x S"^) with 
a point removed, for N = 2p centers the topology is (M^ x 5^)#(S'^ x S"^)# ... #(5^ x 5^). ^ 
The five-dimensional ADM mass of these solutions can be written as [13] 

Madm, 5D = - no CijKOi^ f F-^ A F^ = -—a^Qj = j^iQi + Q 2 + Q 3 ), (3.10) 

327rG5 4 G 5 4 G 5 

where = 1 for asymptotically flat solutions and S 4 is a spacelike surface of constant 
time. The integral of F'^ A F^ is computed “entirely with cohomology”, by calculating 
the flux of the F^ over the non-trivial compact two-cycles of the geometry as well as the 
intersection number of these two-cycles. 


3.2.2 The topology of the uplift 

The six-dimensional uplift of (3.5) is a non-trivial fibration of the new coordinate v. From 
the expression for the three-form: 

2G={X^)-‘^*5F^ + F^ A{dv + A^), (3.11) 

^We only discuss V — ~ Xi\ with \qi\ = 1, such that the centers are smooth points in the full 

space, and qi = 1, such that the space is asymptotically flat. 
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we can easily see that we have: 

2iKG = d{\ 2 {dv + A^)) +d{Z^^Z:^^{dt + k)) + (3.12) 

where we have defined A/ = ZJ^ — 1 . The form given in the first term, \ 2 {dv + 
is well-defined. The second term is Z^^Z^^{dt -|- k) and is also a well-defined form (as 
discussed in [13]). This implies the cohomology split: 

2 A = \2{dv -|- A^) -|- Z^^Z2^{dt + k), (3.13) 

2H = F\ (3.14) 


Similarly, we can find A, H by switching the roles of Z 2 and Z^ in the above expressions. 
Note that also 2H = F^. 

The null charge is then: 


. / (hag + hag) 

AttGg V J 

(3.15) 

f A dv) + F^ A (F^ A dv)) 

IbyrGe Jv 

(3.16) 

/ (F^AF^ + Fi AF2) 

IbTrGe ^ 

(3.17) 

~{Q2 + Q3), 

(3.18) 


where we used the cohomological computation of the integral F^ A F^ in 5D over S 4 [13], 
and V = S^(v) x S 4 . We see that the null charge is simply the sum of electric and magnetic 
(string) charges. Note that in five dimensions, Qi is on the same footing as Q 2 , 3 , but in 
six dimensions it is a momentum charge and does not appear in the null charge Qk- 

The analysis above shows us that we clearly still have non-trivial compact two-cycles in 
six dimensions which are given by the trivial uplift of the two-cycles of the five-dimensional 
solution. These are the cycles supporting the cohomological flux H FA The 5 A 
fibration of the coordinate v over the compact two-cycles of the five-dimensional geometry 
also introduces new non-trivial three-cycles. Over these cycles, the cohomology elements 
F^’^ A dv have non-zero flux. 

However, this is not quite the end of the story. In 6 D, we must also have a non-trivial 
three-sphere at infinity. Indeed, the (electric string) charge in 6 D is defined as: 


Qe 


1 

27r2 


' 5^(00) 


^2V2X ^ 


(3.19) 


where is the at infinity perpendicular to the string which is along v. Since the 
equation of motion for the three-form is simply d{e^^^ -k G) = 0, this at infinity 
must be non-contractible to be able to support non-zero flux for smooth solutions free of 
singularities. Note that this non-trivial three-cycle is absent in the original 5D geometry. 
This can be explained by the fact that this three-cycle must be homologically equivalent 
to an S^{v) fibration over a two-cycle in the 4D base (which we mentioned above). These 
new (compared to 5D) non-trivial three-cycles in constant time-slices of the six-dimensional 
geometry are an interesting feature of the S^{v) uplift. 
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3.3 D1-D5 microstate geometries and supertubes 

We are now ready to discuss the topology and the Komar integral for more generic solutions 
of the D1-D5-P system. In this section, we first focus on the D1-D5 supertube solutions of 
Lunin and Mathur [16-18]. As we explain in section 3.4, the result (3.39) for the Komar 
integral is the same for more generic D1-D5 supertubes and D1-D5-P superstrata, since 
those describe wiggles of the D1-D5 supertube and are topologically equivalent. 

The D1-D5 Lunin-Mathur geometries are solutions to six-dimensional supergravity 
with only one tensor multiplet: 

2 

=- . {dv + /3){du + cu) + \/Zi^dsl, 

V Z 1 Z 2 
2 V 2 X _ ^ 

^ 2 ’ 

2B = —Z^^{du + oj) /\ [dv + /3) -|- 72 . 


(3.20) 

(3.21) 

(3.22) 


Here ds\ is the 4D flat metric with coordinates Xi (i = {1,..., 4}) and ai, 72 , /3,a; are forms 
on the 4-manifold. The D1-D5 microstate is completely determined by profile functions 
gi{v),i = 1... 4 with 0 < v < L. Certain important functions are given by (for the complete 
list of fields, see for example [ 22 ]): 


^2 


A 

/3 

dj2 



L Jo 

-A + B 


\xi - gi{v')\^^^ ’ 

9j{v’)dx^ 

x^-giW)\‘^ ' 


v /2 


-kidZ2- 


Zi 




Mv')? 

Xi - Qiiv'W 


dv', 


dB = — *4 dA, 


-A-B 


(3.23) 

(3.24) 

(3.25) 

(3.26) 


Perhaps the easiest explicit profile is the once-wound circle, given by (with L = 27r Ry): 
gi{v) = acos{v/Ry), g 2 {v) = asui{v/Ry), go{v) = gi{v) = 0. (3.27) 

Then we can parametrize the (flat) 4D metric as: 

/ 


dsl = 


J.2 _|_ g2 

and the above functions become: 

Qi 

A / „ „ sin^g 

A = -a^QiQs — —d(f>, 


dr"' + fdO^ -|- {r^ + a^) sin"^ Odcf)'' + cos^ ddil^ 


f 

£ 2 I 2 2/1 

j = r + a cos 


Q 5 


(3.28) 


(3.29) 

(3.30) 

(3.31) 


where Qi = a^Ry/Q^, and the D1-D5 string at Xi = Fi{v) is now at r = 0, 0 = 7 r /2 (/ = 0). 
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3.3.1 Topology and homology 

The topology of the D1-D5 system with once-wound circular profile was discussed in [18]. 
Any D1-D5 geometry with profile g[{v) that can be continuously deformed into a circle will 
share the same topology of x S'^. At inhnity we have an 5^(0, cj), ip) of the 4D base, which 
deforms continuously to the non-trivial in the interior with ^ = (p + t/R,'ijj = 

+ y/R, while S^{y) (keeping ■0 fixed) shrinks to zero size in the interior. 

Hence we clearly have exactly one non-trivial three-cycle given by the three-sphere at 
infinity, and one non-trivial (non-compact) two cycle, given by the volume element of the 
factor. The three-cycle is again needed in this singularity-free geometry in order for the 
geometry to be able to support non-zero three-form flux. The intersection number between 
the two-cycle and the three-cycle is simply -|-1 (with suitable orientations of the cycles). 


3.3.2 Cohomology and null charge 

For a general D1-D5 geometry, we have: 

2ikG = d{Z^^{dv + p)) (3.32) 

= ^d {Zp;^{dy + B) + Zp;^{dt - A)) . (3.33) 

v2 

Note that there is no obvious easy split to be made by defining Ai = Zpp^ — 1 and splitting 
off terms proportional to Ai. This is because the hbres A,B typically have singularities 
on the string profile and/or in the origin. So we can leave the well-behaved one-form A 
implicit: 

2H = ixG -dA = d{Zp;^{dv + P)) - dA, (3.34) 


since the integrals we will perform are independent of A anyway. In the explicit example 
of the once-wound circular profile, we can easily see that 


— [ H = — 




(3.35) 


where we integrate the cycle from the string profile (at r = 0,6 = to r = oo, and 
we used that Zpp^{f = 0) = 0 and Zpp^{r = oo) = 1. 

We see that H is the cohomological dual of the non-trivial two-cycle in the geometry, 
as expected. The harmonic part of the three-form G and its dual G are both proportional 
to the volume form of the non-trivial three-cycle S^: 


1 

27r2 


' S^{oo) 


G — Q 5 , 


1 

2Tr‘^ 


' S^(oo) 


G = Qi, 


(3.36) 


as these parts precisely define the D1 and D5 charges of the geometry. Putting this together 
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gives for the null charge: 


Qk = -y^ [ (haG + HaG) (3.37) 

47rG6 Jr2x53 ^ ^ 

--ik {L (I ‘^) - (L") (I 

= -^(Qi + Q5), (3.39) 

where we used the intersection number to split the integral into separate integrals over the 
non-trivial cycles. 


3.4 D1-D5-P superstrata 

The most general three-charge microstate geometries that fall within six-dimensional super¬ 
gravity arise from reduction on a rigid [22]. These solutions excite all IIB supergravity 
fields in ten dimensions (metric, Ramond-Ramond helds C'(o), ^( 2 ), C'( 4 ), as well as R( 2 ) and 
the dilaton (/>i). The solutions can be interpreted as solutions in minimal supergravity in 
six dimensions coupled to two tensor multiplets, see appendix B. 

These solutions require extending the results of section 3.3 in two ways: considering an 
extra tensor multiplet, and adding the momentum charge P. Only then can we cover both 
generic D1-D5 geometries with a rigid T‘^ [19] and the D1-D5-P superstrata [31]. However, 
these more general solutions are topologically equivalent to the D1-D5 supertubes (3.20). 
We will show that the Komar integral is unchanged. 

The general superstrata solutions as given in [25, 31], in six-dimensional language, ht 
within the ansatz [22, 31]: 


ds'^ 

X 

2B 

B' 

V 


V 

Z\Z2 




T 

du + uj + — {dv + j3) 


“ 1 “ kBds^ 


Z 


2 

1 


V ’ 

V 

V 


{du -I- w) A {dv -I- /3) -I- ai A {dv + 13) + 72 , 
{du + 00 ) A {dv + (3) + 04 A {dv + (3) + 62 , 


Z1Z2 — zj, 


(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 


where, similar to the D1-D5 ansatz, is the 4D flat metric and /3, ca, oi, 04 , 72 , h 2 are 
forms on this 4D base. We refer to [22, 31] for the full set of supersymmetry equations and 
equations of motion and only quote those that we need: 


^72 = *4dZ2 , d 62 = ■k 4 dZ 4 . (3.46) 

The tensor B comes from the dimensional reduction of C( 2 ) while B' descends from 
B(^ 2 ) ill lOD; the scalar (p is simply the lOD dilaton while x is the lOD axion C'(o)- For 
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more information on the dimensional reduction from lOD to 6D and the realization of the 
50(1, 2) symmetry, see appendix B. This ansatz reduces to the D1-D5 ansatz (3.20) when 
Z 4 = Qi = 62 = 0; the tensor multiplet parametrized by the fields B',x is set to zero, 
truncating the 50(1, 2) theory down to 50(1,1). 

The tensor multiplet scalars r = parametrize the coset 50(1, 2)/50(2). While 

B and its field strength G = dB are unconstrained, the tensor B' satisfies a duality relation. 
Indeed, the field strength: 

G' = dB' - 2^^ - ^dB, (3.47) 

is anti self-dual in six dimensions: 

G' = -*G'. (3.48) 

Thus, we find the correct tensor held content for the 50(1,2) theory of minimal super¬ 
gravity with two tensor multiplets. 

The null charge is given by (see also appendix B): 

= 


where H,H are dehned as in (2.30), similarly H' is the harmonic part of ixG', and the 
dual form G is now dehned by: 


G 


g2<^ 

1 + e2<A^2 * 


(3.50) 


For the superstrata of [31], the terms in (3.49) involving G, G can easily be seen to give the 
same contribution ~ (Qi -|- Q 5 ) as for the D1-D5 microstates above. The term involving 
G' does not contribute. It is easiest to realize this by seeing that dB' and xdB fall off too 
fast at inhnity to have a non-zero integral G3 G'; in essence, this is because Z4 falls off 

*^00 

faster at inhnity than Zi or Z 2 (which give the Qi,Q 5 contributions to the null charge as 
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in the D1-D5 case above).® We conclude that: 

Qk = ~^{Qi + Q5 ), (3.54) 

just as for the D1-D5 supertube. 

That the null charge gives the same result for D1-D5-P superstrata as for the D1-D5 
supertubes is not so surprising from a topological point of view. The important thing to 
note is that a generic superstratum solution has the same topology as the D1-D5 round 
supertube. Superstrata describe fluctuations on top of a topologically non-trivial 5® (shape 
modes depending on two variables), just as generic two-charge supertubes describe one¬ 
dimensional shape modes on the S'®. This is the same S'® present for the round supertube 
discussed in section 3.3, and therefore supertubes and superstrata have a similar topological 
three-cycle. 


4 Non-Extremal Example 

We now discuss the JMaRT solutions of [36], which have an interpretation as microstate 
geometries of the five-dimensional overspinning three-charge black hole. In the IIB frame, 
these are smooth solitons, with a natural interpretation in six-dimensional supergravity 
after dimensional reduction on the compact T^. 


4.1 Metric and gauge fields 


The solitons are obtained by demanding the metric ansatz appropriate for describing the 
non-extremal three-charge black hole to be smooth. Usually, the five-dimensional physical 
charges are quoted, which in this case are the ADM mass Madm,5D, tbe electric charges 


“To see this fall-off explicitly we quote the behaviour for the most general D1-D5 supertube invariant 
under rotations. This has five profile components gi,i = 1.. .4 and gs, and the fields are [45]: 


dv ', 


= 

= 1 + ^ U , lg.U)l +lg5T)k 

^ _Q5 


^=-‘f/o 




d'y2 = *4,dZ2 dS2 = *4,dZ4 , 
dB = — *4 dA , 

uj = T — 0 , fli = 04 = 2:3 = 0 


An explicit example is a round profile in the base and a non-zero gs component: 


(3.51) 


g2iv) = asm{v/Ry), gsiv) = g^iv) = 0 , gs(v) =--sm{v/Ry) . (3.52) 


gi{v) = acos{v/Ry), 

The D1-D5 seed solution of [31] starts from such a profile. Then we have that 


-7 _ 1 I I sin^*^ 0cos(2fc<^) 

^ 2 — A "*■ — TTT — TdZe — 

/ {r^ + a^)>‘f 


Z 2 = 1 + 


Qs 

y ’ 


Z4 —C4 


sin*^ 0 cos{k(p) 
-I- a?f 


(3.53) 


where ci = and C 4 = a+ 2 +bi ^ constants. Clearly Z4 falls off too fast for the H' A G'-term 

to contribute to the Komar integral. For superstrata solutions, we refer to [25, 31]. 
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Qi) Qs) Qp, and the two angular momenta J^, J(j, 


.9 


LyTV 7Tl V -v 

MadM,5D = 77W TT ^osh 2di , 
I 


4G6 2 


m 


Qi = — sinh 26 1 , 


J j/j — 


J(h — 


LyTT 

4^ 

LyTT 

4^ 


m(aiCiC2C3 - 02515253) , (4.1) 


m(a2ClC2C3 - 01515253) , ( 4 . 2 ) 


given in terms of parameters m, 5i, (5p, oi, 02 and with the notation Si = sinh(5j,Ci = 

cosh(5j. The supersymmetric limit is m, 01,02 — )• 0, <5* —)• cx) while keeping Qi ., m/^/oi 
fixed. We note that the 6D ADM mass (for the asymptotically M^4 x spacetime) is 
actually: 

MADMfiD = ^ (cosh 25i + cosh 255 + 2 cosh 26p ), (4.3) 

4hr6 2 

so the contribution due to the momentum charge (which is the charge from the graviphoton 
in reducing from 6D to 5D) is different. 

We choose to write the metric and gauge fields in the notation of [46]. The metric, 
scalar and gauge field in 6D are (note that B = —C 2 I 2 ,, with C 2 the RR two-form of [36]): 

2 ^ 


dsj = 


1 


-Hm {dt + kf + Hi ( {dy + B^ + ^k) + ^{H-^ - l){dt + k) 


+ {H.H^y/^dsl 

^2y/2X _ 

^ 5 ’ 

— 2B = —dt Ady — —Hr^(dt + k) A dy — Bi A dz — A dk 

5l 5l 5l5p 

2 2 2 

— —dt A Bi — —H^^dt A B 3 + ms^CQ ^ cos^ Bdifr A dcj). 


5l 


fHi 


(4.4) 

(4.5) 

(4.6) 


where the quantities used are defined by: 


dsi = / —dr + dd + sin Odcj) + cos 9dip 

V 9 

+ Hp^ (oi cos^ Odip + 02 sin^ Odp^ ~ (®2 cos^ 9dip + oi sin^ 6 dp)‘^ , 


m 

'^ = 7 


^ ^ ^ (oi cos^ 9dip + 02 sin^ 6dp) + 51555 ^ (02 cos^ 6dip + oi sin^ 6dp) 

11 ', 


fHm SjCi 


Everything is built from the following functions: 
1 I 


H = l + 


/ ’ 


— -L y. ? 


(4.7) 


(4.8) 


(4.9) 


f = r'^ + ai sin^ 9 + 0^ cos^ 9, g = (r^ -|- ai)(r^ -|- a^) — mr^ = (r^ — r^)(r^ — r^). 


®Standard conventions in the literature are to take Gs = tt/I, which would render the prefactor 
LyTr/{4:Ge) = 1. As in the rest of the paper, we instead choose to keep the explicit factors of Ge in 
all of the relevant formulae. We also choose a normalization for the Qi that is the same as the rest of the 
paper, instead of the usual normalization which would include a factor of LyTTj(4 Gq) in the definition of 
the Qi as well. 
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The three-form is simply G = dB. The dual potential, G = dB is then given by; 


B = B with Si -H- S 5 ; Cl <-)• C 5 ; i/i ^ H^. 

4.2 Constraints for smooth solutions 


(4.10) 


Smooth JMaRT solutions are determined for fixed charges Qi, Q 5 , Qp, by two integers m, n. 
One can extend these to include orbifolds with k an integer. They have the following 
relations between their parameters: 

SiSsSp 


r,=- 0102 - 

Cl C 5 Cp 

Ad = Oi -\~ O2 — 01O2 


^2^2 „2 I „2 ^.2 „2 

•SlCl S^C^SpCp 


(4.11) 

(4.12) 


The constant t slices have the topology of x 5^/Zfc. The non-contractible is spanned 

at the origin r = r+ by the coordinates 0, if), 4>, with the identifications 


ip = ip — 


fl2ClC5Cp (3-iSiS5Sp 


-y^ 




-y^ 


(4.13) 


The following quantization conditions ensure that the identification y ^ y + 2 ttR is a closed 
orbit: 


-R = m, 


®lClC5Cp 0'2SlS}jSp 


-R = n, 


(4.14) 


(Z 2 C 1 C 5 CP 

for integers m, n. 

The factor has a smooth origin at r = r+, where the t = constant part of the 
metric has the form (up to irrelevant constant prefactors) 


ds‘^\dt=o = dp^ + ’ 

with the identification y ^ y 2TvRk and the radius given by 

MS\C\ 51C1S5C5 SpCp 

y/aia2 cfc|c2 - sjslsj ■ 

4.3 Komar integral 

We want to study the Komar integral, which reduces for this topology to 


(4.15) 


(4.16) 


Qk = - 


1 


47rG6 


'V 


hag + hag]=- 


1 


47rG6 


H 


G + 


H 


G 


'53 


/S3 


(4.17) 


The non-contractible is homologically equivalent to the one at infinity appearing in 
Gauss’ law. Hence we can perform the integral at spatial infinity: 


1 


1 


„ , G = -— lim / d 

AirGe Js3(cx,) SttGq r^oo J 


+ al + ms\ 2 /u ; . j / 

nis^c^ -—-cos OdipAdcp 

jHi 


TT -|- Oo + 

hm ms 5 C 5 - — - 

4G6 r^oo jHi 


cos^ 9 


6l=7r/2 


0=0 


TT 

4^ 


Qb 


(4.18) 

(4.19) 
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To obtain the ff-integral, we can in principle split the interior product of the Killing vector 
with the three-form as 

iKG = dK + H. (4.20) 

However, for our purposes we do not need to do this explicitly: the integral of ixG and of 
H are identical, as the contribution of dA for A a well-defined one-form cancels anyway. 
To make contact with the supersymmetric limit later, we consider the Killing vector 


K = dt + ady . 


(4.21) 


with a a constant. Then we find that locally 


duj = iKG\t=const. , w = —H^ ^ (dy + {—- a)k -h - —dy + (— - a) . 

(4.22) 

The one-form w is zero at infinity and well-behaved at any finite distance, but note that 
it is not globally well-defined. The integral Jg 2 ixG^ only receives a contribution from the 
origin r = r+. A short computation shows that for constant 'll), 4>: 

k\r=r.= 0 - (4.23) 

SiCi 

and hence the hrst bracket in (4.22) does not contribute in the M^-integral. The other 
terms give: 



IkG LyUJy\r = r^ kjy 


( C\ _j_ '®P 
\Sl SlCl 


using the notation 

TTl 

Mi = — cosh(2(5i), 


= L., 


Ml Mp — aQp 

' Qi 


(4.24) 


(4.25) 


which gives the contribution to the 5D ADM mass in the i-channel (so that Madm, 5 D = 

(L,7r)/(4G6)E*M,). 

In the end, we hnd that (4.17) becomes 


LyTT ( M^ + Mp- aQp Mi + Mp- aQp 

- 4ft (-ft-+-ft- 

— — .31 + ^"^5 + 2(Mp — aft)) . 

4G6 

For a = 0, we have K = dt and we retrieve the 6D ADM mass (4.3) for the Komar 
charge Qk- Note that each term of the second line contributes to the Mp-channel. Also, 
in a sense, the non-extremality resides only in the integral over H; the integrals over of 
GsjGs contribute the charge. For a = 1, so that K = dt + dy, the Komar charge in the 
supersymmetric limit becomes the usual null charge Qk = —{Ly'K)/{4:GQ){Qi + Q^). 


(4.26) 

(4.27) 
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5 Discussion and Outlook 


Fluxes on non-trivial topology can support stationary configurations. This is a feature 
much used in microstate geometries and explained in detail in [13] for five-dimensional 
smooth microstates. We have explored the six-dimensional guise of this mechanism for 
horizonless solutions. The three-form field strengths of six-dimensional supergravity and 
the 2-, 3-cohomology play a crucial role and give a non-trivial contribution to the Komar 
integral (2.25) and thus to the conserved charges. 

Many other avenues remain unexplored. One interesting direction is to explore the 
Smarr formula and the role of topology for non-flat asymptotics. As we have seen, compact 
directions give brane-like interpretations to the Komar integrals in terms of energy and 
tension densities. It would be interesting to understand the extension to asymptotic Anti- 
de Sitter spaces. In string theory, spaces of the asymptotic form AdSp x 5'^ are very 
common. For these geometries, one must take care to regulate the Komar integral and 
perform a suitable background subtraction for the infinite AdS background contribution 
and render the Komar integrals hnite. However, it does not seem that this subtraction 
term would be expressible in terms of an interesting topological integral. In six dimensions, 
supersymmetric microstate solutions have AdSs x core regions, and one can reinterpret 
our results for these geometries in their own right. In fact, for the DI-D5 solutions of 
section 3.3 it is clear that the relevant (non-trivial) three-cycle will be the and the 
two-cycle will be the {t = const.) non-compact spatial two-cycle of AdS^. In other words, 
besides the subtlety of background subtraction, the situation for these AdS^ geometries will 
be entirely analogous to the solutions considered here. Perhaps more enlightening would 
be AdS^ X asymptotics, the arena of smooth LLM geometries [47]. The topological 
contribution to the Smarr formula for I/I6 BPS solutions might also shed light on possible 
smooth geometries with the asymptotics of the Gutowski-Reall black hole [48, 49]. 

Perhaps a similar discussion of topology can give us insight into the cosmological 
horizon. A Smarr formula has been discussed in the past [50, 51], but there has not 
been a discussion within supergravity models, nor with focus on topology. We leave such 
investigations, for instance for the de Sitter-Schwarzschild black hole, to future work. 

One of the original motivations of this work was to understand how to discriminate 
between supersymmetric and non-supersymmetric smooth solution with non-zero Hawking 
temperature. The best studied example of the latter are the JMaRT solutions, which are 
smooth in six dimensions and hence fit in our current study. They have an ergoregion, 
which gives rise to an instability [57] that has been connected to Hawking radiation [58, 59]. 
One might expect that the appearance of an ergoregion in non-extremal microstate geome¬ 
tries is crucial for their decay and the connection to non-extremal black holes. Then one 
might also expect that the ergoregion plays a role in the universal characterization of mi¬ 
crostate geometries through the Komar integral, as topology-supported solitons. However, 
the ergosurface is not topological and hence does not play a special role in the Komar 

would be interesting to study the various known five-dimensional non-extremal constructions, such 
as those based on JMaRT [52-54] and Bolt-like [55, 56] solutions. 
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integral. Hence the appearance of an ergoregion in the gravitational back-reaction of the 
probe constructions [11, 12] remains an open question. 
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A Uplift of Five-Dimensional Mnlti-Center Solntions 
A.l General reduction 

Reducing 6D minimal supergravity plus a tensor multiplet gives the STU model in 5D. 
The 6D metric gab decomposes into the 5D metric gab, a graviphoton A^, and a scalar 4 >2- 
The three-form gives two gauge fields: Gate ~ {* 5 F‘^)abc and Gab& ~ F^b- Finally, our 6D 
scalar gives a scalar in 5D A = (/)i. We can then reparametrize the 5D scalars (/)i, (/>2 to get 
the usual three constrained scalars of the STU model. 

We use hats to denote 6D quantities in this section; unhatted quantities, such as 
indices, are 5D. We start with the 6D Lagrangian: 


V ^£6 = v ^ R-2df,Xd^X-^-e^^^^^ 



(A.l) 


We call the (spacelike) coordinate along which we reduce y. The reduction ansatz for 
the metric is: 


ds^ = e^^/^dsl + e-^^^/^{dy + Aldx’^f 


(A.2) 


with inverse: 


[dsf = e-'^2/V6(05j.)2 _ 2e-^^/'^A^^^d^dy + (e3<^2/U6 ^ e-^^/'^{A^f)dl. (A.3) 


The Einstein-Hilbert Lagrangian then reduces to: 


F^llR=^y^a [ii- 


(A.4) 


where Gg = LyG^. Note that ^/--g = —g^- 


The kinetic term for the 6D scalar X gives the contribution: 




(A.5) 
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Finally, reducing the three-form can be done most easily using form notation. The 
reduction ansatz is: 


2G = e-2^/2<>l+202/^/6 ^ ^ 


which also implies: 


2iG = p2 ^ ^-2V2<j>ip3 (A.7) 


Then the reduction of the kinetic term is: 

2 e^^^iG AG = dyA le-2V2,^i+2<^2/V6^3 ^^p^ p 1 g2^0i+202/vT F 2 A F 2 + A A 

(A.8) 

Summarizing, the reduction gives us the 5D Lagrangian: 


\/^ A = 


R - \id(l22f - ie■^‘^2/^/6</,2^pT2 _ 


(T1)2-2(90i)2 


_lg2\/2(/>i+2</)2/\/6|^^2^2 _ 2\/2 (/)i+2</)2/\/6^^3^2 


- (A.9) 


To bring this to the usual STU form, we can define: 
^ g202/V6^ ^ ^_02/V6-72 <^i ^ 


X3 = e 


— p—</>2/\/6+\/20 i 


(A.IO) 


so that X^X'^X^ = 1, and the Lagrangian can be written as: 


U = R-^ 


1 1 


{F^f - ^ 


4 {x^y 


1 {dx^) 


I\2 


2 {x^y 


4 ® 




(A.ll) 


with sum over I = {1,2,3} implied. This is the usual form of the STU Lagrangian. We 
can also write this as: 

A = i? - \QijF^^,F-^>^’^ - Qijd^X^d^X^ - ^^e-^GuKe^’^P^^AlF^pF^^, (A.12) 


where we have Gjjk = je/jA'I and: 

\GijkX^X'^X^ = 1, (A.13) 

D 

QlJ := 2^I^J ~ 2^IJkX^, (A.14) 

Xi := ]:CijkX-^X^. (A.15) 

D 

A.2 Uplifting SUSY solutions 

The most general 6D supersymmetric metric can be written as [35, 40]: 

dsg = —2H~^{dv + /3)[du + oj + —{dv + /?)] -t- Hdx‘1, (A.16) 

= -H-^F[dv + /3 + F-\du + uj)y + H-^F-^{du + ujf + Hdxj. (A.17) 
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The rewriting of the metric in the second line shows us that we can reduce along v as long 
as it is a spacelike coordinate, i.e. < 0 everywhere. The reduction gives us: 


dsl = 

g-302/v/6 ^ h-^{-F), 

= (3 + F~^ {du + oj). (A.18) 

We see that the 6 D null coordinate u becomes a timelike coordinate in 5D [35]. 

With the metric, gauge helds and scalars in 5D given by (3.5)-(3.7), we can then 
identify the appropriate 6 D quantities in terms of the 5D ones as follows: 

F=-Zi, uj = k, /3 = B^, H = (A.19) 

For reference, the full 6 D fields are given by: 

dsl = ^ 3 ) 1/2 {Z2Z3)^^'^dsl + |' 2 ' 2 _^ 3 ) 1/2 ~ "^1 ^ + ^) + , 

yl/2 

e^x ^ gV 2 <Ai = xl^^Xs = 

2G = X^^* 5 F^ + F‘^ A{dv + A^). (A.20) 

B Rigid Reduction of IIB and S'0(l,2) Truncation 

The reduction of IIB supergravity to six-dimensional M = (1,0) supergravity with 2 tensor 
multiplets goes in two steps. In a hrst step, reduction of the bosonic sector on a rigid 
gives a theory with SO{2,2) global symmetry [60]. Then the compatibility with D1-D5-P 
supersymmetries as in [ 22 ] leads to the bosonic sector of the ^(^(l, 2 ) invariant supergravity. 

First, we reduce IIB supergravity on a T^, keeping only the components of the fields 
with indices over the remaining six dimensions. This gives us two dilatons (from the lOD 
dilaton cj) and the breathing mode of the T^); two axions (from the lOD axion C^g) and 
from the only relevant component of ( 7 ( 4 )), along with the two reduced three-forms coming 
from the potentials ( 7 ( 2 ) and B( 2 ). The reduction ansatz is [60, 61]: 

dsio,str = [e^^/^dsl + , C(o) = xi, 

(t> = C[2) = ^(2)-, 

B( 2 ) = B( 2 ), (7(4) = —X 2 Vol(r4) -b • • • , (B.l) 

where and vol(T'^) are the flat metric and flat volume element on T'^. The • • • in ( 7 ( 4 ) 
are other terms that follow from the self-duality condition F( 5 ) = *^( 5 ). Note that we use 
the IIB supergravity conventions as in [31]. The resulting 6 D Lagrangian is [60]: 

Ad,so(2,2) =R - ^(d</>i)^ - ^(d</>2)^ - 

- + X 2 R( 3 ) a dC( 2 ), (B.2) 
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with F(3) = dC( 2 )~C{Q)H^^y This reduction/truncation has an 50(2, 2) = 5-L(2)i xSL{2)2 
symmetry where each Tj = Xi + ie~^^ parametrizes an SL{2)/SO{2) coset. The 50(2,2) 
is not a symmetry of the tensor Lagrangian, but rather of the equations of motion and 
Bianchi identities. Those can be written as Bianchi identities of an 50(2, 2) vector of field 
strengths O’” with components 




dCsD 

~dG^ 

dCap 

~dG^ 


—e^'^{i(T2) ■ Ml- 



Those tensors obey the duality relation (compare (2.19)): 



(B.3) 


MrsG^ = r^rs^G^ , 


(B.4) 


with the off-diagonal 50(2, 2) metric rj = {i(J 2 ) ® (*<72) and scalar matrix 


M 


M2{t2) ® 


with Mi = ViV^, 



(B.5) 


It is important to realize that this 50(2, 2) theory cannot be the bosonic part of any 
supergravity theory. One can perform a further truncation to obtain a theory that can be 
the bosonic part of 50(1, 2) = SL{2) supergravity by setting T 2 = /(ti) with / an 5L(2)- 
transformation. This identifies a ‘diagonal’ SL{2) subgroup in 50(2, 2) = 5L(2)i x 55(2)2. 
The four tensors G^ then decompose in a singlet and a triplet under this truncation. 
Consistency of the truncation requires that we put the singlet to zero. 

We are interested in solutions with the supersymmetries of the D1-D5-P system [22], 
giving the truncation: 

T2 = - —. (B.6) 


n 


The T 2 equation of motion then requires that we put the singlet G^ + G^ to zero. The 
remaining three field strengths are 


G^ = \{G^-G^), g 2 = ^(G^ + G^), G3 = i(G^-G^), (B.7) 

Dropping the hats again, O’’ then obeys the self-duality relation with the 50(1, 2) matrix 


V = exp(x5+) exp((/>i7/2), 

E+ = 

fo 0 l\ 
0 0 1 

, H = 

/o 2 o\ 
2 0 0 



^1 -1 oj 


0 

0 

0 


and the Komar integral (2.25) applies. 

To make the connection to the theory with one tensor multiplet clear, we write the 
vanishing singlet as an anti self-duality constraint on a three-form G': 

G' = -*G', G'= dBp, + X2<!C(2| = , (B,9) 
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We can then take G = {l/2)dC(2) to be the (unrestricted) tensor that is the combination 
of the other self-dual and anti self-dual tensors. In section 3.4, we take 4 > = = Xi 

B = (1/2)C'(2), B' = B(^ 2 )- An obvious further truncation of this S'0(1, 2) theory is to take 
G' = 0,xi = 0 which leaves us with the 50(1,1) sector used in large parts of this paper, 
after the identification (/>! = \f2X. 

For the 50(1, 2) theory with the unrestricted three-form G and the anti self-dual three- 
form G' as defined above, the generalization (2.24) of (2.29) for the null charge reduces 
to; 


where H,H are defined as in (2.30), keeping in mind the 50(1, 2)-generahzed definitions 
for the dual form: 


G 


1 -|- 


*G, 


(B.ll) 


The harmonic form H' is defined by the split: 


ikG' = ah' + 


(B.12) 


where A' is a globally defined one-form. 


References 

[1] I. Bena and N. P. Warner, Black holes, black rings and their microstates, Lect. Notes Phys. 
755 (2008) 1-92, [hep-th/0701216]. 

[2] S. D. Mathur, Fuzzballs and the information paradox: A Summary and conjectures, 
arXiv:0810.4525. 

[3] V. Balasubramanian, J. de Boer, S. El-Showk, and I. Messamah, Black Holes as Effective 
Geometries, Class. Quant. Grav. 25 (2008) 214004, [arXiv; 0811. 0263]. 

[4] K. Skenderis and M. Taylor, The fuzzball proposal for black holes, Phys. Kept. 467 (2008) 
117-171, [arXiv: 0804. 0552]. 

[5] B. D. Chowdhury and A. Virmani, Modave Lectures on Fuzzballs and Emission from the 
D1-D5 System, arXiv; 1001.1444. 

[6] I. Bena and N. P. Warner, Resolving the Structure of Black Holes: Philosophizing with a 
Hammer, arXiv: 1311.4538. 

[7] S. L. Braunstein, S. Pirandola, and K. yczkowski. Better Late than Never: Information 
Retrieval from Black Holes, Phys.Rev.Lett. 110 (2013), no. 10 101301, [arXiv:0907.1190]. 

[8] S. D. Mathur, The Information paradox: A Pedagogical introduction. Class. Quant. Grav. 26 
(2009) 224001, [arXiv;0909.1038]. 

[9] A. Almheiri, D. Marolf, J. Polchinski, and J. Sully, Black Holes: Complementarity or 
Firewalls?, JHEP 1302 (2013) 062, [arXiv; 1207.3123]. 

[10] P. Breitenlohner, D. Maison, and G. W. Gibbons, Four-Dimensional Black Holes from 
Kaluza-Klein Theories, Commun. Math. Phys. 120 (1988) 295. 


- 26 - 





[11] I. Bena, A. Puhm, and B. Vercnocke, Metastable Supertubes and non-extremal Black Hole 
Microstates, JHEP 1204 (2012) 100, [arXiv: 1109.5180]. 

[12] I. Bena, A. Puhm, and B. Vercnocke, Non-extremal Black Hole Microstates: Fuzzballs of Fire 
or Fuzzballs of Fuzz ?, JHFP 1212 (2012) 014, [arXiv: 1208.3468]. 

[13] G. Gibbons and N. Warner, Global structure of five-dimensional fuzzballs, Class. Quant. Grav. 
31 (2014) 025016, [arXiv: 1305.0957]. 

[14] P. A. Haas, Smarr’s Formula in Eleven-Dimensional Supergravity, arXiv: 1405.3708. 

[15] G. Gompere, K. Gopsey, S. de Buyl, and R. B. Mann, Solitons in Five Dimensional Minimal 
Supergravity: Local Charge, Exotic Ergoregions, and Violations of the BPS Bound, JHFP 
0912 (2009) 047, [arXiv: 0909.3289]. 

[16] O. Lunin and S. D. Mathur, Metric of the multiply wound rotating string, Nucl. Phys. B610 
(2001) 49-76, [hep-th/0105136]. 

[17] O. Lunin and S. D. Mathur, Ads/cft duality and the black hole information paradox, Nucl. 
Phys. B623 (2002) 342-394, [hep-th/0109154]. 

[18] O. Lunin, J. M. Maldacena, and L. Maoz, Gravity solutions for the D1-D5 system with 
angular momentum, hep-th/0212210. 

[19] 1. Kanitscheider, K. Skenderis, and M. Taylor, Fuzzballs with internal excitations, JHFP 
0706 (2007) 056, [arXiv:0704.0690]. 

[20] 1. Bena, J. de Boer, M. Shigemori, and N. P. Warner, Double, Double Supertube Bubble, 
JHFP 1110 (2011) 116, [arXiv: 1107.2650]. 

[21] 1. Bena, M. Shigemori, and N. P. Warner, Black-Hole Entropy from Supergravity Superstrata 
States, JHFP 1410 (2014) 140, [arXiv: 1406.4506]. 

[22] S. Giusto, L. Martucci, M. Petrini, and R. Russo, 6D microstate geometries from lOD 
structures, Nucl.Phys. B876 (2013) 509-555, [arXiv: 1306.1745]. 

[23] 1. Kanitscheider, K. Skenderis, and M. Taylor, Holographic anatomy of fuzzballs, JHFP 04 
(2007) 023, [liep-th/0611171]. 

[24] S. Giusto, R. Russo, and D. Turton, New D1-D5-P geometries from string amplitudes, JHFP 
1111 (2011) 062, [arXiv: 1108.6331]. 

[25] S. Giusto and R. Russo, Perturbative superstrata, Nucl.Phys. B869 (2013) 164-188, 

[arXiv: 1211.1957]. 

[26] O. Lunin, Adding momentum to D-1 - D-5 system, JHFP 0404 (2004) 054, 

[hep-th/0404006] . 

[27] S. Giusto, S. D. Mathur, and A. Saxena, Dual geometries for a set of 3-charge microstates, 
Nucl.Phys. B701 (2004) 357-379, [hep-th/0405017]. 

[28] S. Giusto, S. D. Mathur, and A. Saxena, 3-charge geometries and their CFT duals, Nucl. 
Phys. B710 (2005) 425-463, [hep-th/0406103]. 

[29] 1. Bena, S. F. Ross, and N. P. Warner, On the Oscillation of Species, JHFP 1409 (2014) 113, 
[arXiv: 1312.3635]. 

[30] 1. Bena, S. F. Ross, and N. P. Warner, Coiffured Black Rings, Class. Quant. Grav. 31 (2014) 
165015, [arXiv: 1405.5217]. 


- 27 - 


[31] I. Bena, S. Giusto, R. Russo, M. Shigemori, and N. P. Warner, Habemus Superstratum! A 
constructive proof of the existence of superstrata, arXiv: 1503.0146. 

[32] S. Deser and M. Soldate, Gravitational Energy in Spaces With Compactified Dimensions, 
Nucl.Phys. B311 (1989) 739. 

[33] K. Stelle, BPS branes in supergravity, hep-th/9803116. 

[34] P. K. Townsend and M. Zamaklar, The First law of black brane mechanics. 

Class. Quant. Grav. 18 (2001) 5269-5286, [hep-th/0107228]. 

[35] J. B. Gutowski, D. Martelli, and H. S. Reall, All Supersymmetric solutions of minimal 
supergravity in six- dimensions. Class. Quant. Grav. 20 (2003) 5049-5078, [hep-th/0306235]. 

[36] V. Jejjala, O. Madden, S. F. Ross, and G. Titchener, Non-supersymmetric smooth geometries 
and D1-D5-P bound states, Phys.Rev. D71 (2005) 124030, [hep-th/0504181]. 

[37] A. W. Peet, TASI lectures on black holes in string theory, hep-th/0008241. 

[38] S. Ferrara, F. Riccioni, and A. Sagnotti, Tensor and vector multiplets in six-dimensional 
supergravity, Nucl.Phys. B519 (1998) 115-140, [h.ep-tli/9711059]. 

[39] F. Riccioni, All couplings of minimal six-dimensional supergravity, Nucl.Phys. B605 (2001) 
245-265, [hep-th/0101074]. 

[40] M. Gariglia and O. A. Mac Conamhna, The General form of supersymmetric solutions of 
N=(1,0) U(l) and SU(2) gauged supergravities in six-dimensions. Class. Quant. Grav. 21 
(2004) 3171-3196, [liep-th/0402055]. 

[41] I. Bena, S. Giusto, M. Shigemori, and N. P. Warner, Supersymmetric Solutions in Six 
Dimensions: A Linear Structure, JHEP 1203 (2012) 084, [arXiv: 1110.2781]. 

[42] J. P. Gauntlet! and J. B. Gutowski, General concentric black rings, Phys. Rev. D71 (2005) 
045002, [hep-th/0408122]. 

[43] H. Elvang, R. Emparan, D. Mateos, and H. S. Reall, Supersymmetric black rings and 
three-charge supertubes, Phys.Rev. D71 (2005) 024033, [hep-th/0408120]. 

[44] I. Bena and N. P. Warner, One ring to rule them all ... and in the darkness bind them?, 
Adv.Theor.Math.Phys. 9 (2005) 667-701, [hep-th/0408106]. 

[45] S. Giusto and R. Russo, Superdescendants of the D1D5 GET and their dual 3-charge 
geometries, JHEP 1403 (2014) 007, [arXiv: 1311. 5536]. 

[46] B. D. Chowdhury and D. R. Mayerson, Multi-centered D1-D5 solutions at finite B-moduli, 
JHEP 1402 (2014) 043, [arXiv: 1305.0831]. 

[47] H. Lin, O. Lunin, and J. M. Maldacena, Bubbling AdS space and 1/2 BPS geometries, JHEP 
0410 (2004) 025, [hep-th/0409174]. 

[48] J. B. Gutowski and H. S. Reall, Supersymmetric AdS(5) black holes, JHEP 0402 (2004) 006, 
[hep-th/0401042]. 

[49] J. B. Gutowski and H. S. Reall, General supersymmetric AdS(5) black holes, JHEP 04 
(2004) 048, [liep-th/0401129]. 

[50] G. Gibbons and S. Hawking, Cosmological Event Horizons, Thermodynamics, and Particle 
Creation, Phys.Rev. D15 (1977) 2738-2751. 

[51] L. Abbott and S. Deser, Charge Definition in Nonabelian Gauge Theories, Phys.Lett. B116 
(1982) 259. 


- 28 - 


[52] G. Bossard and S. Katmadas, Floating JMaRT, JHEP 1504 (2015) 067, [arXiv : 1412.5217]. 

[53] D. Katsimpouri, A. Kleinschmidt, and A. Virmani, An Inverse Scattering Construction of 
the JMaRT Fuzzball, JHEP 1412 (2014) 070, [arXiv: 1409.6471]. 

[54] S. Banerjee, B. D. Chowdhury, B. Vercnocke, and A. Virmani, Non-supersymmetric 
Microstates of the MSW System^ JHEP 1405 (2014) Oil, [arXiv: 1402.4212]. 

[55] I. Bena, S. Giusto, G. Ruef, and N. P. Warner, A (Running) Bolt for New Reasons, JHEP 11 
(2009) 089, [arXiv:0909. 2559]. 

[56] G. Bossard and S. Katmadas, A bubbling bolt, JHEP 1407 (2014) 118, [arXiv: 1405.4325]. 

[57] V. Cardoso, O. J. Dias, and R. C. Myers, On the gravitational stability of D1-D5-P black 
holes, Phys.Rev. D76 (2007) 105015, [arXiv:0707. 3406]. 

[58] B. D. Chowdhury and S. D. Mathur, Radiation from the non-extremal fuzzball. 

Class. Quant. Grav. 25 (2008) 135005, [arXiv: 0711.4817]. 

[59] B. D. Chowdhury and S. D. Mathur, Non-extremal fuzzballs and ergoregion emission. Class. 
Quant. Grav. 26 (2009) 035006, [arXiv:0810.2951]. 

[60] M. Duff, H. Lu, and C. Pope, AdS(3) x S**3 (un)twisted and sguashed, and an 0(2,2,Z) 
multiplet of dyonic strings, Nucl.Phys. B544 (1999) 145-180, [hep-th/9807173]. 

[61] I. Lavrinenko, H. Lu, C. Pope, and T. A. Tran, U duality as general coordinate 
transformations, and space-time geometry, Int.J.Mod.Phys. A14 (1999) 4915-4942, 
[hep-th/9807006]. 


- 29 - 


